JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 28, No. 1, January—February 2005

Control of Unsteady Aeroelastic System via State-Dependent
Riccati Equation Method

Nilesh Bhoir* and Sahjendra N. Singh?
University of Nevada, Las Vegas, Nevada 89154-4026

A nonlinear control system for the flutter control of an aeroelastic system with unsteady aerodynamics is designed.
The model describes the plunge and pitch motion of a wing. In this model both plunge and pitch structural
nonlinearities are included. A single control surface is utilized for the flutter control. For the purpose of design,
it is assumed that there exists a specified hard magnitude constraint on the control input. For the synthesis of
the controller, only the plunge displacement, pitch angle, and control-surface deflection are measured. The control
system design is based on the state-dependent Riccati equation method. A slack variable is introduced to transform
the constrained control problem into an unconstrained problem and then a suboptimal nonlinear control law is
designed. An observer is constructed to estimate the unavailable state variables of the system for the synthesis
of the control system. In the closed-loop system, including the observer and nonlinear controller, the zero state
is (locally) asymptotically stable, and the state vector asymptotically converges to the origin. Simulation results
for various flow velocities and elastic axis locations are presented, which show that the designed control system is

effective in flutter suppression.

Nomenclature

A, B,, A, B = system matrices

a = nondimensionalized distance from the
midchord to the elastic axis

b = semichord of the wing

Ck) = Theodorsen’s function

C = measurement matrix

ch = plunge degree of freedom structural
damping coefficient

Ca = pitch degree of freedom structural
damping coefficient

Fy = observer gains

h = plunge displacement coordinate

1, = mass moment of inertia about
the elastic axis

J, Ja = performance indices

k = reduced frequency (bw/u )

ky = plunge degree of freedom structural
spring constant

ke = pitch degree of freedom structural
spring constant

L(t) = lift of the wing

M(t) = moment of the wing about the elastic axis

My, = mass of the wing

P, = matrix satisfying the Riccati equation

Qo, Ro, Q4. R, e = weighting matrices

U, = new control input

u = freestream velocity

Vr, Y = filter input, output

X,y = state vector, output variable

Xas Xs = augmented state vector, slack variable

Xo = nondimensional distance between elastic
axis and center of mass

Vi = measured output vector
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o = pitch displacement coordinate

B = control-surface-deflection coordinate

B = control input

Bem = maximum control-surface-deflection
coordinate

o = density of air

w = frequency of motion

1. Introduction

EROELASTIC systems exhibit a variety of phenomena in-

cluding instability, limit cycles, and even chaotic vibration.! =3
Researchers in aerodynamics, structure, materials, and control have
made important contributions to the analysis and control of aeroe-
lastic systems. Readers may refer to Ref. 3 for an excellent historical
perspective on analysis and control of aeroelastic responses. Anal-
ysis of stability properties of aeroelastic systems and design of con-
trollers for flutter suppression have been considered in Refs. 4-26.
Robust aeroservoelastic stability margins using the © method have
been obtained.* Digital adaptive control of a linear aeroservoelastic
model has been considered.’ At the NASA Langley Research Cen-
ter, a benchmark active-control technology (BACT) wind-tunnel
model has been designed and control algorithms for flutter sup-
pression have been developed.®~!! References 7 and 8 describe un-
steady aerodynamic data and flutter instability for the BACT project
model. The classical and minmax methods were used to derive ro-
bust flutter-control systems.’ Robust passivation techniques were
used in Ref. 10 for control. Gain scheduled controllers were de-
signed in Ref. 11. Neural and adaptive control of transonic wind-
tunnel models were considered.'>!3 Based on the Euler-Lagrange
theory, a control law for an aeroelastic model was presented.'* For
an aeroelastic apparatus, tests were performed in a wind tunnel to
examine the effect of nonlinear structural stiffness and control sys-
tems were designed using linear control theory, feedback linearizing
techniques, and adaptive control strategies.'>~2% A model reference
variable structure adaptive control system for plunge displacement
and pitch-angle control was designed using bounds on uncertain
functions.?? This approach yields a high-gain feedback discontin-
uous control system. A backstepping adaptive design method for
flutter suppression was adopted in Refs. 23 and 24. In this approach,
the aeroelastic model was represented in an output feedback form
by suitable coordinate transformation and output feedback adaptive
laws were derived. A modular adaptive flutter-control system was
designed in Ref. 25. The control system consisted of an input-to-state
stabilizing controller and a passive identifier. The state-dependent
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Riccati equation (SDRE) method was advanced in a series of papers
and applied to solve a variety of aerospace control problems.?’~3¢
Based on the SDRE method, suboptimal control laws for flutter
suppression were designed.!32

The feedback designs of Refs. 17-20, 22-25, 31, and 32 assume
aeroelastic models with quasi-steady aerodynamics. Active output
feedback control of an aeroelastic system with unsteady aerody-
namics was considered using a linear quadratic regulator (LQR)
approach in Ref. 16. Of course, linear design ignores the nonlinear-
ity in the aeroelastic model. A feedback linearizing control law for
aminimum-phase model with unsteady aerodynamics was obtained
in Ref. 26, but this method cannot be applied at those flow veloci-
ties and elastic axis locations for which the system has unstable zero
dynamics (that is, the system is non-minimum-phase). Thus, it is of
interest to explore the applicability of the SDRE method to flutter
control for nonlinear aeroelastic models with unsteady aerodynam-
ics and unstable zero dynamics.

The contribution of this paper lies in the derivation of a nonlinear
output feedback control law for the flutter control of an aeroelas-
tic model that includes unsteady aerodynamics. The model has both
plunge and pitch structural nonlinearities. The unsteady aerodynam-
ics are modeled with an approximation to Theodorsen’s theory.?
The model represents a prototypical aeroelastic wing section that
has traditionally been used for the theoretical and experimental
study of two-dimensional aeroelastic behavior. A single trailing-
edge control surface is used for the control of the system. For the
purpose of design, it is assumed that the control input is limited, and
therefore a hard constraint is imposed on the control magnitude. It is
assumed that only the plunge displacement, pitch angle, and control-
surface deflection are measured for feedback. Based on the SDRE
method, a nonlinear suboptimal control law is designed for flutter
control. An observer is designed to construct the state variables as-
sociated with the Theodorsen function as well as the derivatives of
the measured variables for the synthesis of the control system. The
closed-loop aeroelastic system including the nonlinear controller is
locally asymptotically stable about the origin in the state space. Sim-
ulation results are presented which show that the plunge and pitch
angle trajectories converge to the origin for large perturbations in
the initial state vector in spite of the hard magnitude constraint on
control input.

The organization of the paper is as follows. Section II presents
the aeroelastic model. An observer and a feedback control law are
designed in Sec. III, and Sec. IV presents simulation results.

II. Aeroelastic Model and Control Problem
The prototypical aeroelastic wing section is shown in Fig. 1.

A. Mathematical Model
The governing equations of motion, provided in Refs. 16-20, are
given by

m; myxeb | [h c 07[A

MmyXeb 1, o + 0 col|a

k0 [r] [-L®
1 ol la] =L ] "

The lift L () and moment M (¢), which represent the unsteady aero-
dynamics, are functions of position, velocity, acceleration, and time.
The lift and moment are acting at the elastic axis of the wing. For
purposes of illustration, the function &, («) and &, (1) are considered
as polynomial nonlinearities of fourth and second degree, respec-
tively. These are given by

aky () = a(kao + ko o + kotzoz2 + ka3a3 + ka4014)
= ko, + ky, (@) 2)

hky(h) = h(kn, + ki, h?) = hky, + K, () 3)

c=2%*b

- / midchord

elastic axis

Fig. 1 Aeroelastic model.

Theodorsen™ derived expressions for lift and moment, assuming
harmonic motion of the airfoil, of the form'®

—L(t) = —pbzs,,(urrdz +7h — whad — uT4B — le,g)
— 27 pubs,C (k) [ue + h +b(} — a)a + (1/m)Tioup

+b(1/27) T B] )

M(t) = —pbzsp{rr(% — a)ubdz + nbz(% + az)&

+ (T4 + Tm)uzﬂ + [Tl —Ty—(c—a)Ty + %Tn]ubﬁ
—[T; + (c — a)T11b*B — anbh} + 2pub’zs, (3 + a)C (k)

[ue + b+ b(% — a)é + (1/7) Tioup + b(1/2m) T, ] )

where T;(i=1,4,7,8, 10, 11) are described by Theodorsen and
depend on the elastic axis location and the control-surface hinge
location. The Theodersen function C (k) is a complex function of
the form!¢

Clk) = F(k)+ jG(k) (6)

where k is the reduced frequency (bw/u) and F (k) and G (k) are
composed of Bessel functions. Jones developed an approximation
to Theodorsen’s function for simplicity in computation, which can
be written as'®

0.0165s 0.335s
s +0.0455(u/b) 54 0.3(s/b)

Cis)=1- @)

. ais + ag
=054 —-—— 8
+ S2+b15 +b0 ( )

where s is the Laplace variable and
ay = 0.1080075(u/b), ap = 0.006825(u>/b?)
by = 0.3455(u/b), by = 0.01365(u*/b?)
The control surface dynamics are described by'®
B+ b1+ beoB = beop ©

where b.; =50, b,y =2500, and g, is the control input to the aero-
elastic model.
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B. State Variable Representation

It will be convenient to obtain a state variable form of the complete
model. The Theodorsen function C(s) can be treated as a second-
order transfer function of a filter with input

vr(t) = [ua +h +b(0.5 — a)é + (1/7) Tioup
+b(1/2m)T1, 8] = a’x, (10)
where the vector a, € R® is

a, = [0,u, 1/ Tyou, 1,b(5 — a), b(1/20)T 1" (11)

and the partial state vectoris x, = (h, o, B, h, &, B)T € RS. The out-
put of the filter is denoted as y ¢ (¢), which s related to the input v 4 (¥)
as

Yr(s) = C($)0s(s) 12)

where J,(s) and 0, (s) represent Laplace transforms of y(r) and
vy (1), respectively. We note that the input to the filter C(s) is a lin-
ear combination of the plunge, pitch, and control-surface-deflection
variables.

The transfer function C (s) of the filter has a minimal realization
of dimension 2. Although one can derive a variety of realizations of
C(s), we consider a representation of the filter of the form

Xp1 = Xp2, Xpy = =boxsi = bixp +vf (13)

with its output given by
v =05v; +apxs +aixp, = O.SavTx,, +apxs +arxp (14)

In view of Eqgs. (12) and (14), L(z) and M (¢) [Eqgs. (4) and (5)] can
be written as

—L(t) = [—pb’s,(uwd — uTyf — Tibp) — 2mps,uby]
— rrpbzsp (ﬁ — bao.t.) (15)
M(t) = (—pb’s,{7(0.5 — a)ubé + (T4 + Tio)u’ B

+ [Tl — Tg — (C—ll)T4 + %T]l]ubﬁ

—[Tr + (c —a)T1b*B} + 2mps,ub*(0.5 + a) yy)
+bps,m[ah — b(3 +a?)d] (16)
Define the state vector, including the filter states, as

x=(h,a B hd B xmx0)" €R 17

Substituting = —b.1 8 — beo(B — B.) from Eq. (9) and y; from
Eq. (14) into Eqgs. (15) and (16), one can express the terms in the
square brackets as linear functions of x and B.. Substituting the
resulting expressions of L and M into Eq. (1), collecting the terms
involving 4 and &, solving for & and &, and using Eq. (9) gives

i
a | =Ax+ BB+ N fulh,a) (18)
§

for appropriate matrices A; € R**® and B,eR3, where f, de-

notes the structural nonlinearities, f,(h, &) = [ (h), kpe (@)]7,
Ni=[-M;",0,,,]", and the matrix M, is

m; + Jr,obzs,,
M, = 19)

myxeb — wpbias,
myxeb — wpbias, I, + mpb*s,(1/8+ a*)

The complete system, including Egs. (9), (13), and (18), has a
state variable representation of the form

o
B O3,z DLy O3y, 0341
d h A B,
& | @ 017 1 o I e
B a, —bo —b1 0
Xr1
L X72
O3><2
N .

+ 0 fu(h,@) = Ax + BB + Nf,(h, @) (20)
0

where O and [ denote null and identity matrices of indicated di-
mensions.
It is assumed that the control input is constrained as

[Be(D] < Bem @n

where B, is the maximum permissible magnitude of the control

input B..
The measurement equation is

Y = [h,a, BI" = Cpux (22)
where
Cy =[1I3x30345]

We are interested in designing an output feedback control law sat-
isfying the bound given in Eq. (21) such that in closed-loop systems,
both the pitch angle and the plunge displacement asymptotically
converge to zero.

III. Control Law Design

In this section, the derivation of a nonlinear controller is consid-
ered.

A. Observer Design

First, it is essential to construct an observer so that unavailable
state variables (h, &, B, X1, Xs) can be estimated. Noting that £,
o, and B are available, one can construct a full-order observer of the
form

where x denotes estimated values of the state vector x, Fpisa8 x 3
matrix, andy,, = (h, &, B)T = C,.%. After Eq. (23) is subtracted from
Eq. (20), it easily follows that the state estimation error ¥ =x — X
satisfies

¥=(A— F,C,)% = A% (24)

For the convergence of the estimation error to zero, one computes Fy
such that the matrix A, = (A — FyC,,) is Hurwitz (i.e., its eigenval-
ues have negative real parts). For this purpose one can use the pole
placement or LQR design approach. Here in this study, Fj has been
obtained using the LQR technique®* by minimizing the quadratic
performance index

J = 5 / (ZT QOZ + llg Rouo) dt (25)
0

for a related system z= ATz + Cluy, where Qo and R, are the
positive definite symmetric weighting matrices. Then

FO - _ (Ro—l Cm P())T (26)
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where P, satisfies the Riccati equation
APy + PA" + Qy — PyCIR'C Py =0 27

For this value of Fy, A, is a Hurwitz matrix. Therefore, the origin
(x=0) of Eq. (24) is exponentially stable and x(r) converges to
zero. Thus the observer accomplishes state estimation.

Now the design of a suboptimal control system for the regulation
of the state vector to the origin is considered.

B. State Variable Feedback Control Law

This section describes a nonlinear control law based on the SDRE
method?’~% for flutter control, assuming that the control input is
constrained. The design of flutter control is applicable even if both
matrices A and B are nonlinear functions of the state vector x. Of
course, for the model under consideration, matrix B is a constant
matrix.

The SDRE method is suitable for the design of the controller even
when there is a hard constraint on the input S... Following Ref. 28, the
bounded control problem is transformed to an equivalent nonlinear
regulator problem by introducing a slack variable x; that satisifes

% =U, (28)

where U, is a new control input and 8, takes the form of a saturation
sin function, given by

ﬂc = Satsin(ﬁcm, xs) (29)
where one defines
ﬂcm for Xy > Tl'/2
SatSil’l(ﬂcmy X;) = 1 Bem sin x; for — 7'[/2 =X = —7T/2
7ﬂcm for Xy < 77[/2 (30)

According to the definition of the satsin function, the control input,
which is a function of the output x, of an integrator, satisfies the
magnitude constraint for any value of x,. Of course, the new control
variable U,, which is the input to the integrator, is unconstrained.

Define the augmented state vector as x, = (x, x,)” € R°. Then
using Egs. (20), (28), and (29), the derivative of x, can be written
as

xa = A,(x.)x, + B, U, (31)
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where

satsin(Bem, Xs
B (Bem> Xs)

A _— 0

A, = X, : a=[8f'} (32)
O1xs 0

Consider an optimal control (infinite-horizon regulator) problem

in which, for the nonlinear system, the performance index of the
form

1 o0
Jo= = "Qux, +€U?) dt 33
2/0 (xan +e€ n) (33)
where
Q 08><1
. = 34
¢ |:01 x8  Rqq i| GY
[satsin(ﬂcm,xx)/xSP’ | <72
X
qq = ﬁ
fem x| < 7/2 (35)
X

is to be minimized. Here Q (x) is a positive definite symmetric matrix
and R > 0 for all x, € R°. The weighting matrix Q,(x,) and the
scalar function € > 0 are chosen properly for obtaining desirable
responses in the closed-loop system. Instead of deriving an optimal
control law, for simplicity, a suboptimal control law is designed
using the SDRE method.

Consider a region of interest , € R° of the state space surround-
ing the origin x, = 0. For the existence of a solution using the SDRE
method, the pair {A,(x,), B,} must be pointwise stabilizable at each
x, € 2.3 For the linearized aeroelastic model, it is found that the
rank of the controllability matrix

[Ba. Au(0)B,. ..., AX(0)B,]

is 9, and therefore the system is controllable. This also implies that
the system is pointwise controllable in a neighborhood of the origin.
Indeed simulation results of Section 4 confirm that the controllability
matrix of the pair {A,(x), B,} has rank 9 at each x along the closed-
loop trajectory of the system and the solution of the Riccati equation
exists.
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Fig. 2 Open-loop response, a = —0.7, u =20 (m/s): a) plunge displacement (m); b) pitch angle (deg); c) phase plane plot 2 (m)—it (m/s); and d) phase

plane plot «« (deg)-cx (deg/s).
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Now, for obtaining a suboptimal solution using the SDRE
method,”® one solves the state-dependent Riccati equation given
by

Al (x)P(x,) + P(x)Aq(x,)

— P(x)Bue ™' B P(x,) + Qulx,) =0 (36)

to obtain a symmetric positive definite solution for P (x,). Then the
nonlinear feedback control law is given by

U, (xa) = _G_IB:P(xa)xa (37)

Readers may refer to Ref. 30 for the properties and capabilities of
the SDRE method. It is interesting to note that the suboptimal law
satisfies

dH(x,, A)
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where the Hamiltonian of the nonlinear optimal-control problem is

H(xq, A) = 3 [x] Qu®a)xs + €' U] + A [Au(X0)xa + BoU.]
(39)

and A € R? is the costate or the Lagrange multiplier. Substituting the
control law equation (37) into Eq. (31) gives the closed-loop system

X, = [Aa(xa) — Boe ™' B] P(xo) Jxa = Ac(xa)x,  (40)
The closed-loop matrix A.(x,) is guaranteed to be Hurwitz at every
x, € Q from the Riccati equation theory.* Because the elements of
A, (x,) are smooth functions, by expanding A.(x,) aboutx, = 0 and
using the mean value theorem, one can show that the equilibrium
point x, =0 of Eq. (40) is asymptotically stable. The performance
of the closed-loop system depends on the matrix and the weighting
matrices Q,(x,) and €. In synthesizing the control law equation (37),
the estimated state X, instead of x, is used for feedback.
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Fig. 3 Stabilization of the system, a = —0.7, u = 20 (m/s): a) plunge displacement (m); b) pitch angle (deg); c) surface deflection 3 (deg); d) phase
plane plot o (deg)-c (deg/s); e) filter state xsy; f) filter state x;,; g) phase plane plot 2(m)-h (m/s); and h) control input 3. (deg).
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Fig. 4 Stabilization of the system, a = —0.8, u = 30 (m/s): a) plunge displacement (m); b) pitch angle (deg); c¢) surface deflection 3 (deg); and

d) control input 3, (deg).

IV. Simulation Results

In this section, the simulation results are presented. The model
parameters are taken from Refs. 16-18 and are collected in the
Appendix. Results are presented for two sets, (S;) (z =20 (m/s)
a=—0.7)and (S,) (u =30 (m/s),a = —0.8), of the flow velocity and
parameter a. For simulation, the control input 8. has been limited
to ,ch =20 (deg)

The initial condition of the model equation (1) is x(0)=
[0.01 (m), 30 deg, 0, 0, 1 (deg/s), 0, 0, 0.1]7 and the estimator’s ini-
tial state x(0) is [0.01 (m), 30 deg, 0, 0, 0, 0, 0, 0]”. To obtain good
responses in the closed-loop system, proper choice of the weighting
matrices for the observer and controller is essential. Although there
does not exist any systematic method for their choice, in general, a
larger penalty on the state vector in the performance index causes
faster convergence of the state vector but requires a larger control
input.3* But a choice of a large weighting parameter for the control
input yields slow responses and requires a small control magnitude.
Here these weighting matrices have been selected after several trials
and by observing the simulated responses. For the observer design,
the weighing matrices chosen are Qg =100/g.g and Ry=5133.
The weighting matrices for the controller design are Q =201g g,
R =38, and € =0.01. The open-loop system has two unstable poles
at 1.1917 & j14.0002 for (S;) and at 1.8862 % j17.2562 for (S,)
and the remaining poles are stable. The open-loop response for
each case shows limit cycle oscillations. The plots for case (5;) are
shown in Fig. 2, which show that after an initial transient the pitch
angle and the plunge displacement trajectories converge to limit
cycles.

A. Case A: Feedback Control for Sy

The complete closed-loop system including the model (1), the
observer equation (23), and the suboptimal controller equation (37)
for case S; is simulated. The responses are shown in Fig. 3. It is
observed that the state vector converges to the origin. The response
time is on the order of 3—4 s. Figure 3 shows that the filter states x s
and x s, also converge to zero. In the transient period, 8. saturates.
It is pointed out that constraining the input 8. provides flexibility
in limiting the magnitude of the control-surface deflection as well.
Here B remains within 20 deg. It is noted that unlike the feedback
linearizing control technique, the SDRE method permits the de-
signer to shape the plunge and pitch responses simultaneously by
the choice of the weighting matrices in the performance index.

B. Case B: Feedback Control for S,

Simulation is performed for the condition S, (¥ =30 (m/s),
a =—0.8). The initial conditions and controller parameters of case
A are retained for simulation. Selected responses are shown in Fig. 4.
In the transient period, plunge and pitch responses are oscillatory.
It is observed that the plunge displacement, the pitch angle, and the
filter states converge to zero. The maximum control-surface deflec-
tion B is less than 18 deg and the control input S, saturates during
a segment of the transient period.

Extensive simulations have been performed for other values of the
flow velocities and elastic axis locations, and it has been observed
that the controller accomplishes flutter control in each case. To this
end, a comparison of the SDRE method with other nonlinear design
techniques is appropriate. It is found that unlike the feedback lin-
earization control and adaptive feedback linearization approaches of
Refs. 17-20 and 23-25 and adaptive variable structure control,?? the
SDRE method is applicable for all values of # and a even if the zero
dynamics are unstable. Furthermore, in contrast to these published
works, the flexibility in the choice of the weighting matrices in the
performance index can be used to shape both the plunge and pitch re-
sponse characteristics. The controllers designed using the feedback
linearization technique give poor responses when the zero dynam-
ics are weakly stable and fail completely if the zero dynamics are
unstable. Of course, aeroelastic models have unstable zero dynam-
ics for ceration values of # and a. When the zeros of the linearized
model in the two cases (S;) and (S,) are computed, it is found that
the transfer function has two unstable zeros if the plunge displace-
ment is the output variable. Therefore, it is not possible to design
a feedback linearizing flutter-control system based on the plunge
displacement as an output variable because the residual pitch-angle
response will diverge in the closed-loop system. Yet another advan-
tage of the SDRE method over the methods of these published works
is that hard constraints on the control input are included in the design
process. However, unlike the adaptive controllers of Refs. 20 and
22-25, the SDRE method requires knowledge of system parameters.
Furthermore, one must solve the Riccati equation pointwise along
the trajectory of the system, and this requires relatively large com-
putation compared to the feedback linearization technique.

V. Conclusions

In this paper, control of a prototypical aeroelastic wing sec-
tion with structural pitch and plunge nonlinearities using a single
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control surface was considered. The model includes unsteady aero-
dynamics. For the purpose of design, a hard constraint on the con-
trol input was introduced. For the controller synthesis, only the
plunge displacement, pitch angle, and control-surface deflection
were measured. A suboptimal nonlinear control law based on the
state-dependent Riccati equation method was derived. An observer
was designed to obtain estimates of unavailable state variables for
feedback. In the closed-loop system including the observer, asymp-
totic regulation of the state vector to zero was accomplished. Simu-
lation results were presented that showed that flutter suppression can
be achieved for different flow velocities and elastic axis locations
even when hard constraint is imposed on the control input.

Appendix: System Parameters

The system parameters for simulation have been taken from
Refs.16and 17: 5 =0.135m,m,, = 1.662kg, ¢;, = 27.43Ns/m, ¢, =
0.036 Ns, p=1.225 kg/m?, m,=12.387 kg, I, =0.04325+
m,x2b? kg-m?, x, =[0.0873 — (b +ab)]/b, T; = —0.0630, T, =
—0.4104, 7, =0.0128, T3 =0.0964, T;, =1.6798, T;; =0.8551,
ky =2.82(1 — 22.1a + 1315.50.2 + 8580a® —17,289.7a*) N-m/rad,
and k;, = 2844.4 +255.99h> N/m.
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